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Abstract

In this paper, we explain how the ‘ray method’ can be used to describe the deflection, due to short waves, of a very
large floating platform in finite or infinite water depth. The elastic properties of the platform are isotropic, but may be
distributed inhomogeneously. In the first section, we give a derivation of the equation for the phase and amplitude
functions. Then an integro-differential equation for the determination of the deflection is used to find the initial
condition for amplitude along the characteristics. For the homogeneous two-dimensional platform in water of finite
depth, an exact solution in the form of a superposition of modes can be obtained. This simplified problem serves as a
‘canonical’ problem for problems with the same structure locally. In the last section, we give some result for a semi-
infinite platform with varying elasticity coefficient, the mass distribution being taken constant.
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

One of the concepts for the design of very large floating airports, is to build a very large mat-like structure, that is
kept on station by means of anchor lines or by means of a dynamic positioning system. One of the advantages of this
kind of structure is that it can be towed towards its temporary destination. Ohkusu and Nanba (1996) presented an
asymptotic theory to describe the deflection of the platform due to relatively short incident waves while it is positioned
in shallow water. Due to the fact that the vertical dimension is averaged out it is relatively simple to derive a valid
formulation. Hermans (1997) derived a formulation for deep water. Unfortunately, this formulation uses some
nonphysical boundary conditions and its applicability is questionable for this reason. Later, Hermans (2000) derived an
exact differential-integral formulation for the deflection. In the latter paper, the problem is solved numerically. In a
subsequent paper, this differential-integral equation is used to obtain a short-wave solution for the homogeneous semi-
infinite platform, positioned in deep water. In this paper, the method is extended to the determination of the deflection
of short waves of a platform of general shape and inhomogeneous elastic properties.

2. Mathematical formulation

In this section, we derive the general formulation for the diffraction of waves by a flexible platform of general
geometric form.
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The fluid is incompressible, so we introduce the velocity potential V(x, ) = V®(x, t), where V(x, ¢) is the fluid velocity
vector. We assume waves in still water. Hence, @(x, ) is a solution of the Laplace equation

A® =0 in the fluid, (1)

together with the linearized kinematic condition, @, = w,, and dynamic condition, p/p = —®, — gw, at the linearized
free water surface z = 0, where w(x,y,t) denotes the free surface elevation, and p is the density of the water. The
linearized free surface condition outside the platform becomes

od 0P

oo, 0P _ 2
az 9570 &)

at z=0and (x,y)e Z.

The platform is assumed to be a thin layer at the free surface z = 0, which seems to be a good model for a shallow
draft platform. The platform is modelled as an elastic plate with zero thickness. To describe the deflection w(x, y), we
apply the isotropic thin plate theory, which leads to an equation for w of the form

Pw & & Pw  Pw
m(x, y )&2 = (@ + a?) (D(x )(ﬁ + ﬁ)) + pl.—os 3)

where m(x, y) is the mass of unit area of the platform while D(x,y) is its equivalent flexural rigidity. We apply the
operator 0/0t to Eq. (3) and use the kinematic and dynamic condition to arrive at the following equation for @ at z =0
and in the platform area (x,y)eZ:

o D(x, ) o m(x,y) & oP &
{(@+8y)( pg (6x2+672>>+ pg WH}5+ {6tz}q§ o @

The free edges of the platform are free of shear forces and moment. We assume that the flexural rigidity is constant
along the edge and its normal derivative equals zero. Also, we assume that the radius of curvature, in the horizontal
plane, of the edge is large. Hence, the edge may be considered to be straight locally. We then approximate the boundary
conditions at the edge by

o*w w

5w
ﬁﬁ‘Vﬁzo and +( _)

5
S =0, 5)
where v is Poisson’s ratio, » is in the normal direction, in the horizontal plane, along the edge and s denotes the arc
length along the edge. At the bottom of the fluid region z = —/ we have

oP
i 6
3 (6)
The harmonic wave can be written as @(x, £) = ¢(x)e . Due to the large-length scales and elastic parameters involved
we introduce dimensionless coordinates and parameters in the following way:

, X h o’L mw? P DK*

X =— h,:_a K:—a n=-—— 9 = 4 .
L L g Py L*pg

The parameters p and 2 are of order one for large values of K. In a practical situation, where L is of the order of
1000 m and a normal sea spectrum, this is the case. Later, we take, for convenience, L = 300 m as a characteristic length
also for the semi-infinite plate. After dropping the primes we obtain at z = 0:

o 2
(e 353 ot oo

The potential of the undisturbed incident wave is given by

) = e R Dt cos -+ ysin ). ®

where (,, is the wave height in the original coordinate system, w the frequency, while the wavenumber obeys the
dispersion relation, kotanh(koh) = K, for finite water depth. We continue with the deep water case & = oo; hence
K = ko = w*L/g, and we assume that the potential underneath the plate can be written as a superposition of ray-mode



A.J. Hermans | Journal of Fluids and Structures 17 (2003) 593-602 595

solutions as follows:
B, K) = o, K)elkS ), ©)

where S, (x) is the phase function and o, (x, K) the amplitude function of the nth mode. In Eq. (9), each mode is written
as a regular series expansion with respect to inverse powers of iK,

N
‘xn,j(x) o~ N
(%, K) = =+ o((iK)™"). (10)
25 kY
We now drop the index n of the mode for a while. Insertion of Eq. (9) into the Laplace equation (1) gives
—K?0V3S - Vi3S +iK(Q2V3a - V38 + 0458) + ¢(1) = 0. (11)

Subscript 3 is used to indicate the three-dimensional (3-D) V and 4 operators. If no subscripts are used, the operators
are two dimensional (2-D) in the horizontal plane. Next we insert Eq. (10) and compare orders of magnitude in Eq. (11).
This leads to a set of equations for S and oy to be satisfied in the fluid region:

O(K?): V3S-V3S =0, (12)

O(K"): 2V300 - V3S + 09438 = 0. (13)
We now insert Eq. (9) into the condition at z = 0 (7). The first two terms in the expansion become

OK"): {D(x, y)(S7 + S})* — p(x, y) + 1}iS: = 1 (14)
and O(K°):

0 2 232 0 2 2 0 2 2
0P| (ST + 8} + 232{& Sx(S}+ )+ 3 S(ST+ )

+ 00AD(x,Y)(S% + S3) — w(x,y) + 1} + (42Voq - VS + 20V 7 - VS)S(Ss + S7) = 0. (15)
If we write » = 1S. and combine Eq. (12) with Eq. (14), we obtain the dispersion relation at z = 0:
(206, )t = p(x,y) + Dr =1 (16)
combined with
S+ 82="r. 7

The last equation has the same form as the well-known eikonal equation in geometrical optics; however, in this case the
right-hand side is given by an implicit relation (16). In the case of constant elastic coefficients r is a constant and the rays
are straight lines as may be expected. We assume that there is a propagating wave solution with a real-valued phase
function S. For constant values of u, the characteristics (rays) become

dx dy
— =738 ——=739,
do 7S do Sy
ds, o .5 ds, o .5 as .,
- 95, 22— _g5 2_gr 1
1o D ¥ P Dyr o Fr (18)

with # = (521* — u+ 1)/r and o the parameter along the ray.

To obtain an equation for the amplitude oy, at z = 0, we use the equation in fluid (13) to eliminate the z-derivatives in
Eq. (15). The second-order derivative S.. is obtained by means of differentiation with respect to z of Eq. (12). We finally
get for variable & and constant yu:

9% _ oMisy, (19)
do

where the operator M {S} is defined as:

B (dr/de){16r*TD — 1/r} — F(Sxx + Syy)EDr° + 1) + 4462 /00)

N 89r> +2 '
In principle, we can solve these equations if initial conditions for the wave modes are available. We have one

travelling wave mode and two evanescent modes. The problem, however, is that we cannot derive a set of initial

conditions for the amplitudes. One should think of writing the field outside the platform as a superposition of an

incident and a reflected wave. So we have four unknown coefficients to determine, while there are only two conditions at
the edge of the plate. One may try to impose some matching conditions, such as continuity of velocity and potential.

M{S}(x,y)

(20)
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Such conditions hold in the fluid domain and not only at z = 0. The fact that the z-dependance of the potentials
described is different underneath the platform and outside the platform makes it impossible to succeed in matching the
two fields. In the next section, a differential-integral formulation at z = 0 will be derived that obeys the necessary
continuity conditions. This analysis can be carried out analytically for the case of a flexible strip in finite water depth.
The computed results, for sufficiently large value of the water depth, may serve as initial conditions for the ray solutions
described above if the geometry is similar locally.

3. Differential-integral formulation

In this section, the solution for the half-plane and the strip will be derived. To do so, the fluid domain will be split into
two regions. We define the region underneath the platform as 2~ and the region towards infinity as 2, while the
interface is denoted by 62 (see Fig. 1). The potential function in &7 is written as a superposition of the incident wave
potential and a diffracted wave potential, as follows:

P(x) = $™(x) + (), 1)

while the total potential in &~ is denoted by ¢ (x). It will be shown that this choice leads to an interesting way to derive
an integral equation, that can be solved numerically. At the dividing surface 02 we require continuity of the total
potential and its normal derivative.

We introduce the Green’s function %(x, &) that fulfils AY = 4nd(x — &), the boundary conditions at the free surface
and the bottom and also the radiation condition. Green’s functions for several free surface problems can be found in
Wehausen and Laitone (1960).

We apply Green’s theorem to the potential ¢+ and ¢, respectively. This leads to the following approach. For xe 2™,
we have

:
4n¢+:7/ qﬁa—gf(’aqb ds,
gL T on on
0= / (qb’a—g — %(M ) ds 22)
070 on
and in the region xe 2~ we have
"
0:—/ ¢+6j_g6¢ ds,
0TV T on on

o 9,0
on¢ ‘/a@uy(d’ n 6n)dS 23)

The integrals over % become zero, due to the zero current free surface condition for ¥ and ¢*. We add up
the two expressions in Eq. (23) and use the free surface condition for the Green’s function and the potential ¢*,

0

3
I
:
pr o1
| “n | op
| |

Fig. 1. Definition of 3-D geometry.
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leading to

_ 0% ¢ _ _ -
dndp~ = [p——9|—| |dS+ [ (K¢~ — ¢;)9dS for xeZ, (24)
89 on on P o
where we used the notation [---] for the jump of the function concerned. Furthermore, we use the jump condition

between the potentials ¢ and ¢~ and their derivatives. For the total potential the jumps are zero, so we obtain

- inc 0%, 09" (@ RN\ [(aEn(E PN\,
4mg —/M<¢ 2 g% >dS—/y(u(5,n)¢>; —(a—éﬁa—nz)( = (6—52%—”2))@)%5, 25)

where we have used relation (4) for ¢~ at the platform. Relation (25) is suitable for further manipulation to end up with
a differential-integral equation, that can be solved numerically. The Green’s function itself has a weak singularity, so we
may take the limit z— 0 and use Eq. (4) to express ¢~ in terms of an operator acting on ¢_ . Furthermore, we notice that
the first integral on the right-hand side of Eq. (25) can be simplified significantly. This term is independent of the
parameters of the platform, hence, it is the same if there is no platform present. Therefore, it equals 47¢™. This can also
be verified by manipulating the integrals. At z = 0, we arrive at the following equation for the deflection of the plate,

& AN\Uxy) (P P * &
4ndl — e e e gy [ 78 K [ 9(x,y; s
n{ u(x, y) + (6x2 + 6y2) K (6x2 + 6y2) }W(x,y) + /y‘é(ny, é,n){u(é, ) (862 + 5%72)

(¢ ? o ' . .
%(6_62 n 6—”2) }w(f, 1) dS = 4nl* expliko(x cos f + ysin f)}. (26)
In Hermans (2000), Eq. (26), with constant coefficients, together with its boundary conditions (5) has been solved
numerically.
To find the initial conditions for the phase function and the amplitude in the ray solution, we restrict ourselves to a
homogeneous half-plane at finite water depth. Hence, the boundary conditions become
Pw n Vazw _ Fw F2—v) Pw _
0x? o ax3 oxoy?r

For large values of x, the solution is finite and consists of outgoing waves; at z = { = 0, a 2-D Green’s function for finite
water depth, obeying the radiation condition. It has the form.

cosh kh
Jo ksinh kh — K cosh kh

One obtains this form if one writes the Green’s function in the fluid as the difference of a logarithmic singularity and its
mirror with respect to the free surface instead of the bottom, as is commonly done, see Wehausen and Laitone (1960).
The remaining integral contribution reduces to Eq. (28) at the free surface. Expression (28) will be used in the case of
B =0 and the following 3-D version is used in the general case:

*© k cosh kh
k sinh kh — K cosh kh

at x =0. 27

G(x, &) = — e =9 dke. (28)

G(x,p;&m) = -2 Jo(kR) dk. (29)
0

The contour of integration %’ is given in Fig. 2, while in Eq. (29) the contour is the positive part of .#’. It is chosen such

that the radiation condition is fulfilled. R is the horizontal distance, so R? = (x = &)’ + - n)?. For the half-plane

problem, the solution will be sought as a superposition of exponential functions of the form

W) = = ¢ilcg = Y arexplinx +ikoysin B} for 0<B< <7, (30)

where for the platform with homogeneous physical properties it is expected that the constant ‘amplitudes’ @, and
‘wavenumbers’ k, can be determined for angles of incidence smaller than a, so far unknown, critical angle f3,. Due to
the fact that we consider a half-plane, the real part of i, has to be negative or if the real part equals zero it must obey
the outgoing condition. The inhomogeneous term in the equation behaves like exp(ikox); this does not indicate that the
solution behaves accordingly, as we will see.

/o N b '
—
|
e Y,

Y

Fig. 2. Contour of integration.
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We make use of a Sonine—Gegenbauer expression for Bessel functions, to carry out the integration with respect
to :

. 0 if k<b,
/ cos(bt)Jotkv a® + 2} dt = < cos(ar/k2 — b?) A (31)
’ CVie—p :
and we work out the integration with respect to ¢ to obtain

D -
Z a, (FK(") —(u— 1)) el

n

(@ w* N) / cosh kh ei'*\/m o VKK sin? p
1%

— K - -
+ k sinh kh — K cosh kh [k2 K2 sin® f — e, [i2 — i sin® i+ K

K4
+ Coc eikgx cos ﬂ (32)

. K
:lz anﬂ
n
kdk
k2 — k2 sin

Here, we define k™ as follows:

K = K,21 + k(z) sin’ p.

The coefficient b in expression (31) corresponds to ko sin 5. The contribution of the integral along the branchcut must be
zero. This results in the choice of two different contours. For the first part of the integrand, the contour is chosen above
the branchcut, while for the second part with the minus sign in the exponential, the contour is chosen underneath the
branchcut. Adding up the two integrals results in a zero contribution in accordance with Eq. (31). The first part of the
integral can be closed in the upper half-plane. The final result is an integral which cz ritten as a sum of residues.
Until now the values of «, are still unknown. We assume that the poles at y/k? — k3 sin? § = «, are in the upper half-
plane. Application of the residue lemma at these points leads to the dispersion relation for x:

DOZ
(ﬁx“—u—kl)xtanhxh:K (33)

This is for the deep water case the same as Eq. (16) with k = Kr. This dispersion relation has solutions in the complex
plane, at the real axis +x©, at the imaginary axis +x", n=3,4,5, ..., and four in the complex plane +x(? =
=+ (i T 1Ki). In our ray expansions, only those values that obey the radiation condition play a role, hence the contour
of integration passes underneath the pole on the positive real axis and above the one on the negative real axis. One must
keep in mind that the position of the poles is similar to that for the dispersion relation for the water surface, except for
the two extra complex poles in the upper complex plane.

We now have to consider the zeros of the dispersion relation for the water surface k tanh k& = K. These lead to the
relations for the determination of the amplitudes a,.

We truncate the series in the ray expansion at N + 3 terms, this means that we have to take into account N + 1 zeros
of the water dispersion relation, one on the real and N imaginary. If one closes the contour in the complex k-plane, the
contribution of these poles leads to

]ﬁf K[(QK(”)A /K4) - ﬂ]koan
(K(1 — Kh) + k3h) cos B(ic, — ko cos f)

+{0 =0 (34)
n=0

and fori=1,...,N:

Nif K26 /K*) — wida, _
n=0 (K(1 — Kh) + k2h)/k? — k3 sin® B(ic, — \/k? — Kk sin® B)

Together with the two boundary conditions at the edge of platform Eq. (27), we have N + 3 equations for the N + 3
unknown values of a,. The solutions of this set of equations serve as initial conditions for the ‘ray’ expansion for the
inhomogeneous case.

0. (335)
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Fig. 3. Example with parameters D/pg = 1.23 x 1073 x I*, h/L = 1/3 and B = 0. (a) Asymptotic results for finite and semi-infinite
(dotted) platform. (b) Multiple reflection 49/L = 0.3, (1) semi-inf., (2) reflected at x = L, (3) sum of semi-inf. and refl. at x = L and 0.

The approach described in this section can be extended to the case of a strip of width L. In dimensionless parameters,
the solution is written as

N
w(x,) =D (an explir,x} + by expl—ira(x — 1)})exp{ikoy sin B}. (36)
n=0
In Fig. 3(a), we give some results for a semi-infinite platform and a strip with width L at two values of the wavelength.

Due to the rather simple structure of the strip problem the results shown are exact solutions. In the context of the
‘ray’ method, one is interested in the propagation along a ray, while in the exact results multiple reflections are taken
into account. In Fig. 3(b), results for the propagation of the rays are shown with zero reflections, the contribution of
one reflection at x = L separately, the combined result after one reflection at x = L and one at x = 0 and the result after
multiple reflection. In Fig. 4, we compare our results with the ones of Takagi. He compared two methods, different
from ours, with each other. Fig. 4 shows the results of the three methods. No differences can be distinguished, so we
conclude that all three methods lead to the same result.

Some results of reflection and transmission coefficients are shown in Fig. 5. In all these examples, we also
tested the influence of the number N. It turns out that N = 10 is sufficient to acquire a high degree of accuracy.
For most cases, N = 3 is sufficient. This means that in the ‘water’-dispersion relation only ky is taken into account
and in the ‘plate’-dispersion relation the progressing wave mode and two evanescent modes are taken into
account.

4. Boundary conditions for the ‘ray’ method

We now study the inhomogeneous case. The 2-D deep water case will be studied here. The equation now becomes

& 9(x) & d> 2(¢) & P
Zn{l U+ 5 @}woc) + K /} 9, é){u(é) ERC d—éz}W(é) ds = 20" explikox}, (37)
where the Green’s function is written as
G(x, &) —Inr=—Inr, —2 / BELVIEIR I k(x — &) dk, (38)
ok —ko

where the contour %’ is in the complex k-plane from k =0 to oo that passes, due to the radiation condition,
underneath the pole of the integrand k = ky = K = w?/g. We have seen that the solution of the dispersion relation (16)
gives rise to three modes. To find initial conditions for the ‘transport’ equation (19) we insert, in Eq. (37), the ray Ansatz
for the deflection following from Eq. (9),
w(x,K) = Z () S
n
with a, = —(KS./w)x,. In the uniform case, we have seen that the amplitudes are determined by means of the
contribution of the pole in the integrand, k = ky. If we use the dispersion relation to determine the phase function, the
final result is an integral equation for the amplitude. This equation may be solved numerically. However, if we follow



600 A.J. Hermans | Journal of Fluids and Structures 17 (2003) 593-602

[W|/Goo

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

x/L
Fig. 4. Comparison with the results of Takagi for Ag/L = 0.278 and D/pg = 1.74 x 107 x L*, h/L~} and = 0.

1
0.1 0.2 0.3 0.4 0.5

AL

Fig. 5. Reflection and transmission coefficients D/pg = 1.23 x 107> x L*, h/L =1 and g =0.

this approach it is much easier to solve the original equation directly. If we carry out partial integration with respect to &
the main contribution at x = 0 leads to a relation for the initial conditions, see Hermans (2002) of the amplitude

functions:

K(2(0)S% — u(0
5K ;Eo)—gKS:( D o )

n

It also can be shown that if the integration with respect to ¢ is carried out first the contribution of the poles
k = KS; give rise to the correct dispersion relation. In the case of infinite water depth, the contribution of the
integration along the imaginary axis in the complex k plane has to be taken into account iteratively, as is shown by
Hermans (2001). The influence of this integral is small. In the case of finite depth, more wave modes have to be taken
into account.

In the one-dimensional case with the characteristic equations given in Eq. (18), the evanescent modes can be
described by the same equations if one takes x as independent variable instead of o.

5. Results

In Fig. 6, we show the influence of variation of the elastic parameter along a semi-infinite platform. The elastic
coefficient d = D/(pg) is a constant dV over the first 15 m and d® starting at 25 m from the origin, between these
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log (D/pg)

1 1 1 1
0 0.2 0.4 0.6 0.8 1
x/L

Fig. 6. Amplitude of deflection for d = 107 m* (top), and d) = 10° m* (middle), 10'" m* (bottom) resp. with d® = 10" m*, 2/L =
0.3 (with L = 300 m) for a semi-infinite plate.

. 06 |

- 1 ] 1 1 1 0 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x/L
Fig. 7. Amplitude of deflection for d = 10> m* (top), and d) = 10" m* (middle), 10° m* (bottom) resp. with d® = 10° m*, 1y/L = 0.1

(left) and 49/L = 0.3 (right) for a semi-infinite plate (L = 300 m).

x/L
Fig. 8. From topto bottom:c =0, d =10°m* ¢ =0, dV =10" m*and d® =10° m*;c =2, d =10°m*; ¢ =2, dV = 10’ m* and

d® =105 m*.

values it varies as a half cosine wave

d = {dV +d® + (dV — dP)cos((x — 15)n/10)} /2,

see Fig. 6.
The results are a superposition of three modes, and one can clearly identify the travelling wave. The effect of the

evanescent modes becomes negligible as soon as the amplitude of the deflection becomes constant. It can be seen also
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0.6 _

[W]/Goo

0.6 0.8 1

x/L

Fig. 9. From top to bottom: ¢ = 6, dV) = 10" m*, d® =10 m*, Jy/L =0.5,...,0.1 m.

that the amplitude of the deflection becomes smaller if stiffness D of the left-hand end increases. This is in accordance
with the findings of Takagi et al. (2000), who studied the effect of a rigid beam along the edge of the platform.

Fig. 7 illustrates results for a different value of the stiffness parameter D and two values of 1.

In Fig. 8, we show results for a case where the effects of a block with high rigidity and extra weight are taken into
account. The extra weight is incorporated in the boundary condition at x = 0. The transition region from one value of
the elastic parameter to the other is taken to be shorter than in Fig. 7. If we take a block with a length of 10 m and a
height of 1 m the mass of one unit width of the material equals cp; in the computations we take ¢ = 2 or 6, respectively.

One may conclude that the addition of extra weight in combination with high rigidity on the deflection is substantial.
For each value of mass, one has to take an optimal value of the mass of the block. The figure shown concerns the
transition of a very high to a very low rigidity. If we compare this result with the case of a constant low value one
notices that the effect of the block is substantial. In Fig. 9, the influence of the wavelength is indicated.
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